
Announcements

÷.

z tomorrow over

section 7.8



Series Solutions to Differential

Equations
.

( Chapter 8)

Heat Equation : Boss Level

3 spatial dimensions

U=u( x ,y , z ,
t ) is

the temperature of a

three -
dimensional object

at time t .



Heat Equation
.

¥=kCo÷tf÷to÷h€.

the Laplacian of U

Boundary conditions -

specified later .



Temperature in a Cylinder

÷5 1  10

Convert to Cylindrical

Coordinates

Cylindrical to Cartesian
Cartesian to Cylindrical

×=÷seen.fr:¥;i÷
'

z=z

Convert Heat Equation to

Cylindrical Coordinates



we get

¥t*e÷ttoertto÷ato÷€
sungtemperatureisindependent

of 2- and -0
.

Then

ffz = F. = O ,
so we set

¥*C÷nttr#



We suppose

u ( r
,

0
, Z , t )

=cm
- f(r)g€
Now apply the heat equation :

¥ = ftrlglt )
,
fftstf "G)gH

off = flr ) g
' Ct )



we get

gkt⇐
- K ( f

' lr ) get ) ttf
'

Cr ) glt ) )

= kgCt ) ( f
' '

G) ttf '

Cr ) )

Divide both sides by kfcr) g ( t )

Kasky =f¥tH
f ( r )



shaky =f¥tH
f ( r )

Since we have a function of

r equal to a function of t )

both sides of the equality

must be constant :

¥§lttf=f¥H
⇒=-D for some

real number 2



We get two ordinary differential

equations
gets

'
= - a easy

f
"

( r ) ttf'T = - d

f ( r )

Rewriting ,

f
"

( r ) t trf
'

( D= - dfcr )



We

have)tffYr)t2fH=O
homogeneous ,

second - order ,

non constant coefficients

By theory , there is a

solution ! How to find it ?

Not Cauchy - Euler !



Wishful Thinking
.

Assume there are real numbers

Can )n% with

f(r)=€oa€

purely formal !



Treating f as a polynomial ,

ftn=€oan( nrn 's

={
fannrn

' ' )

f "H=§gann¢n.nr
's )=§yKnncn

. hrn
-

2)



To make the indices nice ,

multiply

fYr ) ttf
' ( r ) to ft ) = o

by r2 ( not r ! ) to get

r2fYr)trf'Cr)tqr2fH=£



as

r3f%)=[ (ann ( nu ) rn )n=rftr ) = [ ( annrn )
n: n +2

Paff ) = [ dan r

n=O

re index with K=nt2 ,

then n= k - 2

as

k
r2 dfcr ) = [ d 9k . z

r

k=2



as

k
r

2 dfcr ) = [ d 9k . 2
r

k=2

Substituting n for K ,

as

Paar ) = [ dan
.

ar ?
in = 2



the
f "(r)trf' ( r )tdr2f(r )

= Endglancnunsrnl

+€,knnry

Domine

+€zd9r@
leave alone



we get
in

as

~
a ,r+{ ( nh . ntrhanrnhasn+ [ dan -2 r

n: A

2 n

= a
,

r t [nanrnt@an.arh-2n-2.q

r tn{@an- dan .Dr

= 0


